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Tensors Associated with Time-Dependent Stresss™
by

Barbara A, Cotterzand R. S. Rivlin3

Abstract

It is assumed that six functional relations exist tetueen
the components of stress and their first m material time deriva-
tives and the gradients of displacement, veloc;ty; acceleration,
second acceleration, ..., (n-1)th acceleration. It is shown
that these ~~lations may then be expressed as relations betweer

the components of m + n + 2 sygmetric tensore and expressions

for these tensors are obtained,

1. Introduction

It has been shown by Rivlin and Ericksen [1]“ that 1if we
assume that the components of stress tij’ in a rectangular
Cartesian coordinate systenm X4 at any point of a body of iso=-
tropic material undergoing deformation, are single-valued func-
tions of the gradients of displacement, velocity, acceleration,
seey (n=1)th acceleration in the coordinate system x4 at the
point of the body COnsidered; then the stress components tij may
be expressed as functions Sf the components of (n + 1) symmetric

tensors defined in terms of these gradients.

1. The results presented in thls paper were obtained in the coursa

of research conducted under Contract N7onr-35801 between Brown
. University and the Office of Naval Resecarch,

2. Research Assistant, Division of Applied Mathematics, Brown
- University.

3. Professor of Applied Mathematics, Brown University

4, Numbers in square brackets refer to bibliography at the end
of the paper,

Zo ‘““ Ha P ok
e pf .\'sir Fo. " s, &
ey 7 s K

T 0 ST R L AL R NI W e

e




Al1-113 2

We describe the deformation by

Xy = xi(XJ,t) 5 (1.1)

where xy denotes the position, at time ¢, in the coordinate
system x4, of a material particle which was located at Xi in

the same coordinate system at some nther instant of time T,

(1) (2 ()  _(n)
Let vy "y v4 "y V4775 eoes V4 * denote the components of
velocity, acceleration, second acceleration, ..., (n=l)th iccelera-

tion atv time t, in the coordinate system x4, of a material

particle located at x;. Then, if we assume

(1) (2) ' (n) ;
big = tij(gfn’ oy I, ey oy (1.2)
Xy 8xgy 3xq 9x4

it follows [1, 8 15) that tij may be expressed as single~valued

functions of the components Cj g, Aig) (r

152’900’!1) of (n + l)
tensors defined by

(1) (1)
Cyy = 2§1 %;1 . Ai%) - ZV1 + &
x Xy % ™
, (r) (1) gy (1) .
and Aﬁﬂ) = —-u—Dt + A,‘g) J;.._ + A(ir) --131— , (1.3)

where D/Dt denotes the material time derivative., This result
was obtained from the consideration that the form of the
dependence of the stress components tid on the gradients of the
displacement, velocity, acceleration, ..., (n-1)th acceleration

must be independent of the particular choice of the rectangular

Cartesian coordinate system Xqo
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Tt will bg shown in the present paper, from similar
considerations, that if, instead of describing the dependence
of the stress components on the deformation by six functional
relations of the typs (1.2); we have six independent functional

relations of the form

(1) (2) C (n)
fij(%n ) g::n s g;n 9 ooe) %::_n__ ’ ‘bpq’ P—EDQ. ’
Q q q q D%

2

D7pq " BEERQ ) =0 (1.4)
2 ’ ® e ’ m ’ \ 40

Dt Dt

with
£14= £44 (1.5)

then these functional relations must be expressible in the form
c (1) 42 . alm) (1) R(2) (m)y _
Fy3Cpq» Apq » Apa’ » Bpq'r Ypq 0 Bpg's Bpg ? ee0r Py ) = 0
' {(1.6)
if n > my and in the form

(1,2 (m) (1 p(® gl
(1.7)
. (z) .
if n < m, vhere Fyy = Fyy in both cases, C,, and Ay, {r =1,

2,000y n) are defined by (1l.3) and Béa) (r =1, 2, oeo, m) are
the components of symmetric tensors, derined by

(r-1) (1) (1)
L (r) _ DB, . plr=1) 9V, (x-1) v,
Biy = Bgii__ 4 BZJ % + Byy

Oxj
(0) _ =
and Biy = tyy e (1.8)
It may be remarked that Zaremba [2] introduced a rate of

change of stress tensor, which is given in term of the %tensors
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51) () (1)

13 and B:‘_:1 by BiJ - 3t Al %tikA(l)

tygo A kytil kS

It may be remarked that Eqs. (1.,%4) and (1l.5) are not, in
general, sufficient for the determination of the stress result-
ing from the subjection of the material %o a specified deforma-
tion history. They may be regarded as a set of £ix independent
differential equations in six dependent variables tij(tij N tji)
and one independent variable t. Suitable "initial" conditions
at specified values of t must be chosen if the equations are to
have a sclution. However, we arc concerned here only with the
limitations which must exist on the form of the relations (1,h);
as a result of the necessity that they are invariant under a
transformation from one orthogonal coordinate system to another,

quite apart from any guestion of the sufficiency of the equa-

tions for the determination of the stress componcntse

2. The Deformation Tensors

It is well known that if ds is the distance at time t
between two materialvparticles of a body, undergoing a deforma=-
tion described by (1.1), which are located at x3 and x4 + dxy

in the rectangular Carteslan coordinate system Xy then

(ds)? = ax,dx, (2.1)
0%, Ox ’
- -a—ig -&? de_dJ{J ’ (202)

where X4 ard X4y + dX4 are the positions of the particles at a
previous instant of time T. Differentiating (ds)2 r times with

respect to t, we have, from (2.1),

5 B
.D_I;éi%)-_ = Agg)dxidxj ? (203)
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where Agg) is a symmetric tensor given by (1.3). A correspond=-
ing result ig a converted coordinate system was obtained by
Oldroyd [3] . _

Equations (2.,2) a~a (2.3), with the left-hand sides given
constant values, deScpibe the deformation quadrics at the point

of the bodyconsidered.

y
It has been seen [1, §10] that A§§’ may also be expressed
as
(r) (r) -1 (r-2) .,(p) e
ov 0 . OV <7 v
Ag_g) = e+ .Y.l__ + 2 (D) K XK (2.%)
axJ 0%y p=1 x4 0x4
3. The Stress Tepgsors
If we define a quantity R by
R = bijdxidxj y (3.1)

then, since tij transforms as a tensor from the rectangular
Cartesian coordinate system X4 tc any other, irrespective of
any relative motion of the two coordinate systems, it is
apparent that B is a scalar, invariant under such transforma-

tions of the reference system. From (3.1), we have

S=q q \
DS_B - DS(t“dxide - g (S)D tij D (dxide
Dts DtS q:O q DtS-q th

s=ag, . a o pd~Yax,) phax,) -
X ' (302)

2
Q=0 pes-a <o Y pat gy
Ap s (L)
Since D~ (dxy) - dv(L) AL dx
ot J ax g
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and q~t ( =4.) .
D "V (dx,) d
—p = {3 - X axy, (3.3)
where vi%7 = x y SO that OV(O)/Ox =} we obtain from (3.2},
i i h) 1l
s s s=q q av(a-%) -
DO F s Lt ad ™ & (
DS qe0 Kq) o5 fio (% ) = B dxgdxy] . (3e1)
With the definition
s q via= AT ¢ ) :
B{) = = 1% D %en 3§ (1 L0 R (3.5)
q=0 DtS=4  4=0 ax
asj 1
we can re-write (3.4) as
(s) ’
'g—i‘g .‘_‘ d}f«dx.‘ ’ (3.6)

with Bii) = ng) » It %s seen, since D38/Dt® transforms as

a scalar, between two rectangular Cartesian coordinate systems
wvith arbitrary relative motion, that ng) transforms as a tensor
between such coordinate systems.

We note, from (3.6) and (3.3), that

(841 2. 4o = DSYIB _ D (g(s) .
Biy Sy = Ty T pe Py aradey) o
(s) (1) CY
_ PB4y (s) dv ~(s) 8
IR S P T Jaxadzy.
Whence;
(s) ( 1) .
(s+1) _ E}iu_ (s) vp (g) avi
Bij Dt + B Xi Bi’?/ axj > (308)
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“o The Stress-deformetion Relations

We assume that the dependence of the stress compeonents
on the deformation is described by the six functional relations
(1.4) and the form of the functions f44 are independent of the
rectangular Cartesian coordinate system in which #s. (1.4) are
expressed, Let xi* be a rectangular Cartesian coordinate system

moving in an arbitrary manner with respect to xi'and related to

xX; by

aij(xj = by) 21384 = by (4+.1)

where a4y and bj are, in general, functions of time. Let X *
denote the coordinates ir the system x3* of a point located at
X4 in the coordinate system x4 and let v;(l), vz(?z e vz(n)
be the components of the velocity, accelerationy seey (n=-1)th
acceleration respectively in the cccrdinate system x;. Then;

if t;j are the comvonents of the stress in the coordinate system

*
X4 o we have

ax* av¥(1l) gy*(2) av¥(n) 4 pt*
£..( ’ D ’ 3 cooy y £ 9 y
15 o, o, | &‘S_— D
* . o
coes B0ay Lo, (t02)
pgl

It has been shown in a previous paper [1, §§ 5 and 15]thatwe

can choose the coordinate system x; in such a way that:
(1) instantaneously at time t, the directions of the axes of

x: are parallel to those of X4y SO that

aij = bij ’ (""03)
(11) instantansously at time t, the angular velocity, angular

B LERL i Bebliloes. s 0 il Tl 35 e
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acceleration, angular second acceleration, ..., angular
(n=1)th acceleration of the coordinate system xz_?glative
to x4 are such that the velocity, acceleration, ooo; (n=1)th
acceleration fields relative to the coordinate system xi,
in the immediate nelghborhood of the material particle
considered, are irrotational}

(111) instantaneously at time T, the axes of the coordinate
systen x; have directions relative to the coordinate system

x4 defined by

Eg

Laere c? :“E:i Efi , +e5)

and ¢ (= el ) is the matrix satisfying this equation
which has all its eigen-values positive.
The choice of the coordinate system x; in accordance with

the condition (ii) implies that, at time t,
s | . .
a\/i(r)/axj = av’;(r)/ ax; (r = l,g,ooo,n)o (11'06)

Also, the choice of the coordinate system x; in accordance with

conditions (1) and (iii) implics that, at time t,

&x;/&xg = cid - (L} 07 )
With the notation é
a wln) a_-*(r) o ;1
* QU N+
4§ = Hhs ¢ Dy (4,8)
ax:] axi

1t follows from (*.6) and (4.7) that Ea., (4.2) can be re-written

as

MM W ST ¢ BRSO i b
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ax(l), 2), a*(n) ¢* ' 9332

5 é e 5 J pa’ “pg !
e .
o000 -—I;t-;ﬁn) ()“"99)

at time t.

seom (3.5), (4.6), and (4,8), bearing in mind that vz(O) =

& *(g)
71 and tij ji y Wwe see that if BiJ are the components of the

tensor Big) in the coordinate system xi*,

B - § (5 Xl 3@ o0 @,
1 q=0 = 9" “pgsma =0 ¥ axs ax}
54X s S-q q '
D <q)3—-t-%h 2 (Parfa-ban(by . (4.10)
Dt  g=1 ptS™1 =0

Also, at time t, from (2.4), (h. ) and (h 8), we see that if
Aiss) are the components of the tensor Aig) in the coordinate

system x:, then at time t,

g . .
* * r=-p)q*(p)
A1§r’ 23 §r) + pE (% ’“k‘ p dkjp . (4,11)
Since; b
A;Sl) = gdigl) , (4.12)

we see, from (h.ll), that di§r) can be expressed as a polynomial
in the quantities A% \ 1, ;éQ), sy A;ér). We also see, from

(%+.10), that D tiJ/D*s can be e xpressed as polynomial in the

¥(1)  ,*(2) *(8) o * ¥(1) g*(2) | o*(s)
Apq s Apg Ty eeey Apgs s Byt B pq "“’Bml'
Consequently, Eqs, (+.9) may be re-written in the form

quantities

*(2 L% *(1) _*(2
914 (Cpqs R T tpq’ pé 2 Bp& 2
*( )) 0 f
co0e) qu =Yy L 13)

N T
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if n >m and in the form

Py3(Cpqs A;él), A;é22 _— A;ém),t;q’ B;é1? B;ég)y
o009 B;ém)) = Q ’ (,+°1)+)

ifm > n; It may be noted that if, in (ﬂ;9), 43 1s a polyn9gia1
function of e, d;él), coos Dmt;q/Dtm, then in (%.13) and (k.1%),
?ij is a polynomial in the dependent variables,

Since Bij) and Bzgs) arc the components of the same tensor
in the coordinate systems xy and xI respectively, we have

B;és) = Bii)apiaqj and t;q= tijapiaqj . (+.15)
Since Agg) aﬁd A;gr) are ithe components of the same tensor in

the coordinate systems Xy and xI respectively, we have

Since the coordinate system is chosen in accordance with condi-
tion (1) we see that, at the instant ot time ¢, a,, is given by

(4+.3) and Eas. (4.15) and (4,16) yield

O N T

Introducing the results (4.17) into Eqs. (4+.13) and (4,14), we

have _ _
(1) a(2 ~ a(n) (1), p(2). (m)) =
@1j(cpq, qu} qu2 ooy AD), 6, B(D, B(2), .., B ) =0,
(4+,18)
if n > m and
(1), 4(2) (m) (1 g2 am
q‘ij(opq’ qu ) qu ’ eoo, qu 3y tpq’ qu ’ qu ’ .eo’ qu )
=0,
(4+,19)

ifm > ne

L KN

o
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Following the method adcpted by Rivlin and Ericksen [1,
88 7 and 15] and emnloying the notation

= DXy Oxy (.20)

C s = C [¢]
i 1x%) 3
J < Xy 0%y

it can be seen that the relations (4,18) and (4,19) may be written

as
.
FiJ(CPQ’ Aﬁ%)’ Aég)’ LA A(n) tpq éé), B(z), e00 9 B(m))
(4,21)
if n > m and
Fij(cpq’ Aé%), A(2) cens Aég), LI B(l} 3(2) . B(m)) ,
(h.22)

if m > n, where Fij is a single-valued function of the independent

variables, . N

If we assume in EQ, (1l.4) that the functions fij are poly-
nomiais in the variables, then it rfollows from the manner in
which Egs. (h.21? and (4,22) are derived that Fij are polynomials
in the variables, It 1s also readily seen that if we assume the

functions fij are single-valued functions of avél)/axq,avéz)/axq,

(n) K2 2 m
seey AVp /axq, tpq, Dtpq/Dt, D tpq/Dt 5 CO0 Dmtpq/Dt then they

may be expressed in the form (4.21) or (4,22) with 0;4 omitted,




A11-113 12

Bibllogrsphy

[1] R. S. Rivlin and J. L. Ericksen, Stress=Deformation Rela=
tions for Isotropic Materials. J. Rational Mech, &
Aral, (in the press).

[2] S. Zaremk;, Sur une conception nouvelle des forces
intérieures dans un fluide en mouvement, Mém. Sci.
Math, No. 82, Gauthier-Villars, Paris (1937),

3] J. G. Oldroyd, On_the formulation of rheological equations

of state. Proc¢. Roy. Soc. A 200, 523 (1950).

pANT

i e 0




“rr“"ﬁ.“"ﬁ:’qzy-

'_v-m——..-‘—"-—'rw e ) AR

g et R ey Uk L L e i R g e

Armed Services Technical Information Agency

Because of our limited supply, you are requested to return this copy WHEN IT HAS SERVED
YGOUR PURPOSE so that it may be made available to other requesters. Your cooperation
will be appreciated,

Ad

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHEF. DATA .
ARFE USED FOR ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATED
GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS

‘'ND RESPONSIRILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVERNMENT MAY HAVE FORMULATED, FURNISHED, CR IN ANY WAY SUPPLIED THE

'} SAID DRAWINGS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE RTZGARDED BY

4. IMPLICATION OR OTHERWISE AS IN ANY MANNER LiCENSING TET HOLDER OR ANY OTHER
*] PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR. PERMISSION TO MANUFACTURE,
USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO.

s

ch&oduczd bv o :'

me em an FI.TF
iCLKk

UMERT SERVICL
0

KN TT BIIII.IBING DAYTON 2 0l'l 0

DOC




	0001
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017

